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In this paper, we derive the Einstein’s field equation (EFE) by considering an anti-commuting
two dimensional quantized space, which can be excited by absorbing energy. Any variation of the
energy level of space quantas, will result in a change in the quanta’s area state. This means, that
the geometry of space depends on the energy which exists in it. We also show that in temperatures
T  T0, where T0 = χTp (Tp is the Planck temperature, and χ is an unknown constant), our model
reduces to Newton’s law of gravity.
PACS numbers:
I. INTRODUCTION
After the introduction of general relativity by Einstein,
and its experimental affirmations, together with the de-
velopment of quantum mechanics and its great achieve-
ments, many efforts were made to connect these two the-
ories to answer questions about the nature of gravity. In
this process, physicists made great theories such as string
theory [1–3], and loop quantum gravity theory [4, 5].
There has always been a quest to find a connection
between thermodynamics and gravity, which was first
done by Beckenstein in 1973 [6], and Hawking in 1974[7].
They compared the mass, electric charge, and angular
momentum of black-holes with thermodynamical param-
eters, and found relations between temperature T , and
entropy S, of black-holes. Also, theorists tried to drive
the Einstein’s field equation using thermodynamics, and
we can point out the work done by Jacobson in 1995
[8], where he uses the first law of thermodynamics to de-
rive the Einstein’s field equation. In a brilliant paper
in 2011 [9], Verlinde used the Holographic principle and
statistical mechanics to derive Newton’s law of gravity
and Einstein’s equation. In fact, just as quantum me-
chanics was started by the study of black body radiation
problem in a statistical mechanics framework, the Holo-
graphic principle came to existence as a consequence of
statistical mechanics of black holes[10].
Considering the things done in order to connect quan-
tum mechanics and gravitation, quantization of space
seems to be a good approach. There exist different meth-
ods to quantize the space, but in general, some variable
which is commutative in the continuous limit assumed
to be non-commuting for the sake of forming a differ-
ent lie algebra [11]. This idea was first introduced by
Heisenberg to solve the infinities in the quantum field
theory[11]. The first concrete example of a Lorentz dis-
crete space-time was made by Snyder in 1947 [12], and
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after that, in the 1980s Connes developed the noncommu-
tative differential geometry [13]. A more detailed history
of the subject is written in the reference [14].
Romero et al. in a paper in 2003 [15], calculated the
area of a two dimensional anti commuting space with
anti commutation relation [xˆ1, xˆ2] = i~Θ, Θ > 0. They
found the below result for the area of the space
An = 2pi~Θ(n+
1
2
), n = 0, 1, 2, · · · (1)
and compared their result with the area calculated in
the reference [16] for the black hole horizon, which can
be written as An = γ˜l
2
pn, with n = 1, 2, 3, · · · , and also
the loop quantum gravity theory result for the space area
[17], with the form A(ji) = γl
2
p(ji +
1
2 ). Considering the
similarity between the results given by Romero et al. [15],
and Alekseev et al. [17], which are driven with different
approaches, we can conclude that anti commuting geom-
etry and quantum gravity must be connected [15]
The main idea behind this paper is the quantization
of anti-commuting space and the assumption of excita-
tion in space quantas when some sort of energy is in the
space. i.e., we consider the space containing N quantas,
where each quanta can be excited by absorbing energy.
This excitation changes the quanta’s area state, and the
ultimate space geometry should be determined by the
sum over area states of the space quantas.
When there exists no energy or mass in the space, all
the quantas will have the same area (Eq.(1) with n = 0).
This situation can be thought of similar to the ground
state of a system of harmonic oscillators, which all of
them have the same energy state E = 12~ω (n = 0). Just
by inserting some energy into space, space quantas will
become excited and the area of each quanta would change
as the Eq.(1) dictates. Each quanta will have a specific
area, which is dependent on its energy. Fig.(1), presents
a schematic view of a flat space with all quantas in the
ground area state (n = 0) with an area equal to ~Θ, but
in Fig.(2) you can see the space quantas which is excited
and each quanta has a specific area.
With these descriptions in mind, we derive the EFE,
modified gravity equation, and Newton’s law of gravity.
The procedure is presented in three parts. First in part
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2(II A), we calculate the entropy and the internal energy of
the space, then in part (II B), the derivation of the EFE
and modified gravity will be presented, and finally, in
part (II C), we show that our model yields Newton’s law
of gravity in the limit T  T0, where T0 is an unknown
temperature.
II. PROCEDURE
A. Entropy and internal energy of space
As mentioned before, we start by using the area law
(Eq.(1)) which is derived in the reference [15]. The only
difference is that we omit the constant pi as a matter of
convenience. We assume each quanta of space can have
a specific value of area which depends on its energy. So
the area of each quanta of space can be written as
An = 2~Θ(n+
1
2
). (2)
n = 0 corresponds to the ground state, which means
there exist no energy in the space. In the result, space
would be flat. Also, the space quantas area will all be the
same when n = 0, having a value equal to ~Θ (Fig.(1)).
Just by inserting some energy or mass into space, it’s
quantas would become excited, and instead of having
quantas with the same area, we will see quants with dif-
ferent areas (Fig.(2)) depending on their energy. As we
assumed the area of each quanta depends on its energy,
so there must be a relation between energy En and area
An of each space quanta, which we write in the following
form,
En = αAn, with α = χΩ, (3)
where χ is an unknown dimensionless constant, and Ω
is a constant to set the dimension. Since there exist no
exact knowledge of the state of the space quantas, we
should perform an ensemble average on all area states to
find the expectation value of area 〈A〉 of each quanta in
the excited case. The expectation value for space quanta
area reads
〈A〉 =
∑∞
n=0Ane
− EnkBT∑∞
n=0 e
− EnkBT
, (4)
where kB is the Boltzmann constant, and T is the tem-
perature. By using Eq.(2) and Eq.(3), we can write
〈A〉 =
∑∞
n=0 Ane
−βAn∑∞
n=0 e
−βAn , where β =
α
kBT
, and
∑∞
n=0 e
−βAn
is the partition function. By simplifying Eq.(4), the ex-
pectation value of area can be written as
〈A〉 = ~Θ
(
1 +
2
e2β(~Θ) − 1
)
. (5)
Also, If we assume no interaction between space quantas,
and N as the total number of quantas in the space, the
FIG. 1: Schematic view of the space quantas in the ground
state. As it can be seen, each quanta has an area equal to
~Θ, and the total area of 16~Θ is filled with 16 quantas.
FIG. 2: Schematic view of the excited space quantas. As it
can be seen, the total area of 16~Θ this time is filled with
only 8 quantas, each of them having a different area state.
total area Aσ can be denoted by
Aσ = N〈A〉. (6)
Now, using partition function, we can calculate the en-
tropy of space. To do so, we calculate first the par-
tition function of one space quanta in the form Z1 =∑∞
n=0 e
−βAn = e
−β~Θ
1−e−2β~Θ . As we assumed no interaction
between quantas of space, the partition function of the
whole space would be Z = (Z1)
N =
(
e−β~Θ
1−e−2β~Θ
)N
. By
using the system partition function, the Helmholtz free
energy can be written as
F = −kBT ln(Z) = kBTNln(eβ~Θ − e−β~Θ). (7)
In the other hand, the relation dF = −SdT +∑iXidYi
exists between thermodynamical variables of the system
and Helmholtz free energy, where for constant Yi’s re-
lation between free energy and entropy would reduce to
3S = −∂F∂T . With latter relation in hand, and Helmholtz
free energy, entropy of space can be calculated as follows.
S = −kBln(eβ~Θ − e−β~Θ) + αN~Θ
T
(e2β~Θ + 1
e2β~Θ − 1
)
(8)
By substituting Eq.(5) in Eq.(6), and finally putting the
result in Eq.(8) we get
S =
αAσ
T
−Aσ
[ kB
~Θ
(e2β~Θ − 1
e2β~Θ + 1
)]
ln(eβ~Θ−e−β~Θ). (9)
To continue, we fix the dimension by multiplying
RHS of Eq.(9), by (kBc
3
4~G )(
4~G
kBc3
), and we get S =
(kBc
3Aσ
4~G )(
4~G
kBc3
)
(
α
T − kBM~Θ
)
, where M is defined as a di-
mensionless function of temperature equal to
M =
(e2β~Θ − 1
e2β~Θ + 1
)
ln(eβ~Θ − e−β~Θ). (10)
Since (kBc
3Aσ
4~G ) has the dimension of entropy[JK
−1], then
( 4~GkBc3 )(
α
T − kBM~Θ ), must be dimensionless. Also, from
Eq(2), we see Θ must have the dimension of [TM−1], As
a result α must have dimension of [MT−2]. In Short,
using quantum mechanics and statistical mechanics we
calculated the entropy of two dimensional quantized anti-
commuting space as below
S = (
kBc
3Aσ
4~G
)γ(T ) (11)
where γ(T ), is defined as
γ(T ) =
( 4~G
kBc3
)(α
T
− kBM
~Θ
)
. (12)
As the third law of thermodynamics states, when temper-
ature goes to zero, the entropy must show the same be-
havior. So we are going to check this law for the Eq.(11).
With a small calculation we can easily see, when T → 0,
in Eq.(12), γ(T )→ 0, which means the entropy tends to
zero and Eq.(12) obeys the third law of thermodynamics.
Now we proceed to calculate the constants Ω and Θ
in terms of Planck units. Considering Eq.(3), since χ is
dimensionless, Ω must have the dimension of [MT−2], we
choose Ω =
mp
t2p
, wheremp is the Planck mass and tp is the
Planck time. Also, considering the dimension of Θ, which
is [TM−1], we choose Θ = tpmp , where tp and mp, are
again the Planck time and mass respectively and have the
value tp =
√
~G
c5 , and mp =
√
~c
G . Using Eq.(10), we can
write the constants Ω and Θ as Ω =
√
c11
~G3 , α = χ
√
c11
~G3 ,
and Θ = Gc3 . In continue, we rewrite Eq.(10) and Eq.(12)
in a simpler form, using the constants we found as
M =
(e 2T0T − 1
e
2T0
T + 1
)
ln(e
T0
T − e−T0T ) (13)
γ(T ) = 4(
T0
T
−M) (14)
where T0 is defined as T0 = χ
√
~c5
Gk2B
= χTp, where Tp is
the Planck temperature. Now by using Eq.(13), we can
write the inequality e
2T0
T − e− 2T0T > 0. By solving this
inequality we can finally obtain the condition T > 0 for
temperature. Besides, even in temperatures close to T0
temperature TT0  1, and we can expand Eq.(13), and by
substituting the result in Eq.(14), the relation for entropy
can be written as S = (kBc
3Aσ
4~G )γ(T ), with
γ(T ) =
4T0
T
[
1− ln(2T0
T
)
]
. (15)
Since Eq.(15) must have a positive value, (1− ln( 2T0T )) >
0 always holds, and by a little algebra we can find
T ≥ 2T0e . Lastly, we have to mention that the calcu-
lated entropy is very similar to the entropy of the photon
gas black-body s = (
4pi2k4B
45c3~3 )V T
3[18]. Now we would use
the Legendre transform between Helmholtz free energy
and the system’s internal energy to calculate the inter-
nal energy U . The relation F = U − TS exists between
Helmholtz free energy F and internal energy U . Also, we
have the first law of thermodynamics as
dU = ∂W + ∂Q. (16)
Now using Eq.(16), Eq.(7) and Eq.(11), The internal en-
ergy U can be written in the form
U = (
AσkBc
3
~G
T0). (17)
B. Deriving EFE and Modified gravity equation
In recent years, few scientists tried to derive the EFE
using the first law of thermodynamics, where we can
name the references [8, 19] as most important efforts.
In this section, we proceed to derive the EFE by using
Eq.(17), and equations in references [8, 19]. Since we
did not assume any specific horizon, and the only con-
dition we put on the space quantas is that quantas can
be excited in presence of energy, and turn the flat space
to a curved one, then our result is general and holds for
any two-dimensional anti commuting space. So we are
allowed to use the results derived in References [8, 19],
which have derived the EFE by considering local Rindler
casual horizons. To derive the EFE, we first differentiate
the Eq.(17), and use the relations in references [8, 19]. In
reference [8], ∂Q and ∂Aσ are defined as
∂Aσ = −η
∫
λRabk
akbdλdA (18)
∂Q = −η′
∫
λTabk
akbdλdA (19)
4where η and η′ are constants to set the dimension, kµ
is the Killing vector, and Tab and Rab, are the energy-
momentum and Ricci tensors respectively. By substitut-
ing Eq.(17), Eq.(18) and Eq.(19) in Eq.(16), we reach to
the following relation.
(
T0kBc
3
~G
)(−η
∫
λRabk
akbdλdA) =− η′
∫
λTabk
akbdλdA
+ ∂W (20)
To continue we use the relation between pressure P and
work W which is in the form ∂W = −PdV . In the other
hand, considering the relation between pressure P and
cosmological constant Λ in the form P = − Λ8pi [20]. We
can conclude, that there must be a relation between work
W , and cosmological constant Λ, which can be written
in the following form
∂W = ξ(
∫
λ(
R
2
− Λ)(gabkakbdλdA), (21)
where ξ is a constant for dimension setting. Considering
the reference [8], the term gabk
akb = 0, so the work term
in EFE is equivalent to zero, which might not be zero in
modified gravity models.
Lastly, by substituting Eq.(21) in Eq.(20), we find the
next result.
(
T0kBc
3
~G
)ηRab − ξ(1
2
gabR− Λgab) = η′Tab (22)
To find a relation between the coefficients η, η′, and ξ,
we expand Eq.(22) in the weak filed limit. We expect
to reach the Poisson equation, and we find a relation as
follows.
∇2φ = η
′
2C
(3ξ − 2C
C − 2ξ
)
ρc4+
ξ
C − 2ξΛc
2, C = (
T0kBc
3
~G
)η
(23)
By comparing the above result (Eq.(23)) with ∇2φ ∼
4piGρ − Λc2, we would have η′ = − 8piGc4
(
C(C−2ξ)
2C−3ξ
)
, and
C = ξ. Now by substitution of η′ in Eq.(22), we find
Rab − 12gabR+ Λgab = 8piGc4 Tab, which is the EFE.
In recent years, different models of modified gravity
have been suggested, which seem to be practical in solv-
ing new problems in cosmology, such as dark energy and
dark matter. In continue, we try to investigate these
modifications. Considering Eq.(16), (18), and(19), we
can say that internal energy U , and thermal energy Q,
has unique values, but this does not hold for work W . So
we can use work W in order to obtain different modifica-
tion of gravity.
Let’s rewrite the Eq.(16) in the form ∂W = ζ(
∫
λ(R2 −
Λ)(gabk
akbdλdA) +
∫
λχabk
akbdλdA), where ζ is a con-
stant and χabk
akb 6= 0, is a parameter to describe equa-
tion of motion of different modifications of gravity like
Lovelock gravity [21], massive gravity model [22], or other
models [23]. So in result we can write our field equation
as follows
Rab − 1
2
gabR+ Λgab + Φχab =
8piG
c4
Tab (24)
where Φ in Eq.(24), is a constant.
We can conclude that each time physicists have tried to
modify gravity to solve the new problems in Theoretical
Physics, they have changed the work W term in Eq.(16),
and maybe we could find a unique and complete work
term for gravity some day.
C. Deriving Newton’s law of gravity
In this section we are going to investigate the proposed
model in the low temperature limit T  T0, which yields
the Newton’s law of gravity. For this sake we start by
using Eq.(5), and expand it in the low temperature limit
which gives the below result for the expectation value of
each quanta are 〈A〉.
〈A〉 = ~Θ (25)
Eq.(25) tells us that the size of space quantas are equal
and constant in this limit, which is just the assumption
that Erik Verlinde used in his paper in 2011 to derive
Newton’s gravity equation and gravity Poisson equation
[9]. Now using the relations in reference [9], we derive the
Newton’s equation for gravity. Considering space quan-
tas having the same constant size, each quanta of space
will have the same energy, equal to kBT2 , then the total
energy of N quantas will be
E =
1
2
NkBT (26)
Where N is the number of quantas in space. Now using
Eq.(6) and Eq.(25), we can write
N =
Aσc
3
G~
(27)
By substitution of Eq.(27) in Eq.(26), and replacing E =
Mc2 and Aσ = 4piR
2, in the obtained result we find the
below relation
Mc2 =
1
2
4piR2c3
G~
kBT. (28)
Now by substitution of F = ma, and using the Un-
ruh temperature [24] we can replace the kBT =
~a
2pic in
Eq.(28). therefore, we can find the Newton equation of
gravity F = GmMR2 .
III. CONCLUSION
In this paper, without any tough and complicated
calculations of high energy Physics, and just by us-
ing elementary equations of thermodynamics and anti-
commuting quantized space, we found a relation for en-
tropy S of space. Then by calculating the internal energy
U , and using references [8, 19], we derived the Einstein’s
field equation (EFE) and modified gravity equation. It
5is evident that all the efforts made in order to modify
the Einstein’s gravity have changed the work term W in
the Eq.(16). We also showed that in the low-temperature
limits T  T0, our model leads to Newton’s law of grav-
ity. So we can assert that gravity is not a fundamental
phenomenon, just as Einstein claimed. It depends on
other fundamental variables such as the energy of the
space. Here we can ask the question, What is Gravity?
To answer this question, we can say that gravity is noth-
ing but the excitation of space quantas in the result of
inserting energy to space. This excitation will cause the
space quantas to have different areas and in the result,
space will become curved.
We have to say, that our calculations are made in two-
dimensional anti-commuting space, without considering
time dimension, but the same procedure can be done in
three-dimensional space, if we find a similar relation to
Eq.(2) for the three-dimensional space.
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